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QUANTIZATION AND DISJUNCT SAMPLING OF THE
CUP-ANEMOMETER SIGNAL
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January 16, 2007

Presentation of Main Results

We are here concerned with large excursions of the wind speed as measured by a cup anemometer.
This instrument, which in this context may be assumed to have a linear calibration with zero
offset, detects the wind speed through its first-order filter with atime constant given by*

D

To =

STk

where ¢, the distance constant, is an instrument constant and U the mean-wind speed.

Large excursions are usually characterized by the so-called gust, and to define this quantity we
need to consider the time series u(¢) of the wind speed over afinite time 7'. In this situation we
want to determine how often acertain level I/ is exceeded. We consider an (infinite) ensemble of
stationary time series where one member is shown Fig. 1.

Imagining that we have an infinite ensemble of realizations of u(¢) with the mean U, observed
over thetime 7', we can determine the average number of timesthe level U/ is exceeded by

1
V@D = fim 57 2 N, @
i=1

where N; (/) isthe number of timesi/{ is exceeded in the i’th realization.
We use the definition:

The gust [¢/] is the wind speed deviation from the mean which—on average—is exceeded once
during the reference period T'.

The cup anemometer is characterized by alinear calibration between the rate of rotation and the
wind speed. Typicaly thisrate is determined by arate f of pulses, generated by the rotor, with
one pulsefor each timeit hasturned a certain fraction of afull rotation. For a constant wind speed
U the calibration equation is alinear relation between U and the frequency f:

*The offset is seldom more than about 0.2 m s—1 and is not of importance in these considerations. The effect of
the offset on the time constant is briefly discussed by Kristensen (1998).
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Figure 1: Sample time series of the wind speed u(z) as recorded over the period 7. The wind-
speed level I/ isindicated. The wind speed isrecorded at times separated by thetimeinterval At.
These are indicated by dots. This example shows that the continuous signal exceeds the level U
twice, but that the discrete signal only detects one excursion beyond ¢/,

U=BXxf{, ©)

where B is aconstant length.

When sampling the cup-anemometer signal it is averaged over the time interval At and recorded
by the end of the averaging interval. Mathematically this correspondsto letting the signal undergo
a running-mean process of duration Az, followed by instantaneous read-outs separated by Ar.
Signal recordings separated by a fixed time interval is called digunct sampling (Lenschow et al.
1994)". The raw wind-speed is consequently subjected to two different low-pass filters, this
running-mean process and the preceding first-order filtering with the time constant ., given by
(2). Low-pass filtering will in itself influence the gust magnitude: larger =, and/or Ar imply a
smaller gust determination (Kristensen et al. 1991). This gust-suppressing filtering effect isin
principle unavoidable. In the following we discuss gust bias of this doubly filtered signal.

There are two distinct reasons for a bias on the gust value, namely

1. the quantization of the cup anemometer signal, and

2. the digunct sampling.

TIt has been suggested to call this type of recording ’intermittent sampling’. However, since the word ’intermit-
tent’” suggests a certain amount of randomness, we prefer the adjective 'disunct’ to emphasize that we are dealing
with “ contiguous parts marked by separation” (Woolf 1977).
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The first bias source is related to the calibration (3). Since the resolution in the frequency f is
equal to 1/At, the corresponding resolutionin U is

B

A=—. 4

o (4)
The quantization gives rise to an additional variance given by the quantum A. It is well-known
that thisamountsto A2/12 (Sheppard 1898). The corresponding extrafluctuation will in principle
enhance statistically the maximum measured value.

The second source is caused by the fact that by digunct sampling there is a high probability of
missing the maximum value because in all likelihood it will fall between recordings, separated in
timeby At.

We see that the quantization gives rise to a positive gust bias whereas the opposite is the case
for the digunct sampling. The biases are determined in the framework of the classical theory by
S.O. Rice (Rice 1944, 1945) for the rate of excursions of a continuousu«(¢) beyond the level U/ by

NU
na =22, ®

It is convenient at this point to define the dimensionless gust, the so-called gust factor, by

U] -U

Ou

(6)

M:

as the deviation from the mean U, normalized by the root-mean-square o, .

Thefollowing sections provide technical documentation and confirm that the gust bias from quan-
tization is positive and that the disjunct sampling will lead to an underestimation of the gust. Figs.
2 and 4 summarize the results for the Risg model P2546 with the distance constant £, = 1.8 m
and the calibration constant B = 0.62 m. We have found that the signal quantization will over-
estimate the gust with less than 1% when the wind speed U is larger than 2 m s~ and the time
between samples Ar islarger than 1 s. Thisbiasisadecreasing function of U and Ar asshownin
Fig. 2. The bias due to disunct sampling is negative and its absol ute value an increasing function
of At. According to Fig. 4 itislessthan 5% in cases of practical importance.

The Rice Approach

The Rice approach istextbook literature and it is beyond the scope here to present a complete list
of relevant references. A concise derivation of an equation has been given by Panofsky & Dutton
(1984). Here is a short version of the theory: Let the joint probability density for u(¢) and its
derivative i (t) be p(u, u). Then the probability that u(¢) performs one crossing of the level I/ in
the short timeinterval fromr — Ar to r with atime derivative in the interval from i to &2 + du is
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u

dit f p(u, i) du. ()

U—uAt

Consequently, the probability that u(r) performs one up-crossing (iz > 0) of ¢/ inthetimeinterval
At becomes

o] U o]

fdb't f p(u, i) du :Atfdp(u, ) du. (8)

0 U—uAt 0

Thisleads directly to an equation for average rate of excursions beyond /-

D) = f i pU, 1) di. )
0

In this section it has been implicitly assumed that u(¢) and i (¢) are continuous and sampled
continuously in time.

To proceed we need to know the joint probability-density function p(u, it). Here we just assume
that itis p(u, ) isGaussian in both u and «. For a stationary time seriesu(¢) all mean values are
constant in time. In particular, the signal u(r) and the squared signal «(¢)? have constant mean
values (u) = U and (u?), respectively. This meansthat « and i are uncorrelated since

d

0= E(u% = 2(uit) = 2((u — U)ur), (10)

where we have used the fact that the mean of # is zero since it is a time derivative of a constant.
With the assumption that p(u, i) is Gaussian we have

L1 1 w—U)* @
i =5 oo -5 E 5 -

u

whereo? = ((u — U)?) = (u?) — U? isthevariance of u(t). Substituting (11) into (9), we obtain

(12)

B 1 (I:£2>1/2 (u_ U)Z
N = o exp(——z%2 )

Oy
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According to the definition of the gust [Z4], this quantity is obtained from (12) by the identity

1 @)Y2r Ul - U)?
l=n(UD xT == ) exp(—w) : (13)
T Oy 20
The gust factor u = (U] — U) /o, isgiven by
22112
M2:2|n(i ) T). (14)
2w oy

Now we are only left with the task of determining (12), the variance of the time derivative of u(r).
This will require knowledge of the power spectrum S(w) of u(z). Let the true, one-sided power
spectrum of the wind speed be S, (w). Then the power spectrum of the doubly filtered signal is

S.(w) sin(wAt/2)

M w/U)? @A) (15)
We can determine (1:2) by means of the expression
W% = /a)zS(a))da)
0
- /OO 02, (@) SP(wAt/2)
N 14+ (low/U)2 (wAt)2)2?
0
2 [ S -
= At2f1+(£oa)/U)2 [1— cos(wAt)] dw. (16)
0

To evaluate (16) we need to specify the unfiltered power spectrum only at high frequencies and
we use the standard form for the so-called inertial subrange

a)>—5/3 1

S.(w) = 2/3(
(w) =€ U U

: (17)

where ¢ is the rate of dissipation of specific kinetic energy, or just dissipation for short, and
a1 =~ 0.56 the dimensionless Kolmogorov constant for the one-dimensional, one-sided spectrum
of the flow-wise velocity component. Inserting (17) in (16), we get
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(1% At? = 20 (8e0)2/31<%) , (18)
where

[1 S(gs)

. — CO qs -5/3
0
T 27 (1 11 7 42

= —(cosh(q)—1)— —T(Z) ¢¥*1m(1;, =, =, 1. 19
ﬁ(CO (@) -1 160 <3>61 12( 53 4> (19)

Here 1 Fo(a; b, c; x) isageneralized hypergeometric function.

For wind speeds larger than a few meters per second the atmosphere may be assumed neutrally
stratified, and in this case ¢ may be expressed in terms of the height z over the ground of the
anemometer and the friction velocity u,, which incidentally is also related to the mean-wind
Speed

Uz) = ”7 |n(zi> (20)

over aterrain with the roughness length z,. The dimensionless constant x >~ 0.4 is the so-called
von Karman constant. In this case the dissipation is given by (Panofsky & Dutton 1984)

g =, (22)
KZ

With (21) we may rewrite (18) as

2/3
. o1 2N U At

L
< )
~21

According to Panofsky & Dutton (1984)

Ou == 2.4u, (23)
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and with this additional information (14) can easily be eval uated:

> _ L 2w 1 (TN N (U
N SR Y AWY, Z ‘.

2 Lo ur o

- C+—In<—)+2ln( )+In b/ : (24)

3 Z Zo <UAt>

4,
where
1 207 1

C=In ~ 47 25
((271)2 K2/3 2.42) (29)

is a dimensionless constant.

Quantization Bias

As pointed out in the introduction, the quantization of the signal adds to the measured variance
with an amount equal to A2/12. Thisinformation, however, isin itself not sufficient to determine
the quantization contribution to the gust. We must also know the frequency distribution of this
variance, i.e. its power spectrum. Kristensen & Kirkegaard (1987) found that for a digitized
signal one can account for the extra spectral contribution by adding the auto-covariance

2
S(-H), m=-

SRo(T) =~ (26)
0, T > 7«
to the auto-covariance of u(¢). Here the time scale t, is given by
A
Ty = A —, (27)

Oy

where A isthe Taylor microscale, which is given by the relation (Tennekes & Lumley 1978)

=2 (28)
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The extra auto-covariance (26) corresponds to the additional spectral contribution

)

8So(w) = ?_22 Zf_; Si<w<r*

(29)

It follows, by replacing S, (w) by §S,(w) in (16), that an extravariance § (11%) must beincluded in
the variance of i. The extra variance is then given by

e¢]

92 85.(0)
S(uyAtc = Zf [(ESTIIGY o U [1— cos(wAt)] dw
0

_ f{l—COSS}{l COS(s At /Ty)} d
{1+ /2]

A2 Ar UAt
_ , 30
2’ ( ‘. ) (30

where

1
F(p.q) = é{(l-i- p)—I1-pl}

}e—‘Z|1—P|/I’} ) (31)

_r {1 _e 1P _eg 14 }e—(I(l-FP)/P 4
2 2

q

It ispossible to express p = At /1, interms of ordinary observable parameters. First we find an
expression for t, by means of (27), (28), (4), and (22):

2A2? -1 -1
2_20 _ g2 {mzmtz/z} — B2 {%uz wo/z)z/SI(UAt/eo)} . (32)

Then, by means of (20), we obtain

p= «/_

~022

213 Lo Lo/ UL Il/Z(UAt>' (33)

B In(z/z.) 4o £e
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Figure 2: The bias of the dimensionless gust due to signal quantization for the Risg model P2546
with the distance constant £, = 1.8 m and the calibration constant B = 0.62 m. The height
isz = 10 m over a homogeneous terrain with the roughness length z, = 0.05 m. Neutra
stratification is assumed. The averaging time T is 10 minutes and the three curves represent U =
5, 10, and 15 m s, where the top curve corresponds to the lowest mean-wind speed.

Going back to (14), we see that the corresponding relative change in the gust factor becomes

s 1 83u?
5.2

(34)

displayed in Fig. 2 for the Risg model P2546 with the distance constant £, = 1.8 m and the
calibration constant B = 0.62 m, in aneutrally stratified atmospheric surface layer, at the height
z = 10 m in ahomogeneous terrain with the roughness length z, = 0.05 m.

Digunct-Sampling Bias

In this section we neglect the quantization and assume that the wind speed is continuous. The
classical Rice approach aready discussed in a preceding section must be generalized to signal
sampling with afinite timeinterval At between observations.

Let ug = u(t) and ug = u(t + Ar), and let P(ug < U, u1 > U) be the joint probability that
uo < U and u1 > U. Then the lower limit for the average number that I/ has been exceeded in
the period T = N At, where N is the number of observationsin the period 7, isN x P(ug <
U, u1 > U). The corresponding average rate of up-crossings can thus be written
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N 1
n'U) = ?P(uo <U,uy >U) = A_tp(uo <U,uy >U). (35)

This equation can be reformulated in terms of the joint probability p(ug, u1) of ug and u;:

1 U 00
nU) = oy / duo/dul p(ug, up). (36)
—00 Uu

Introducing new integration variables by

MCZMZMI uo=u, — Au/2 @7
—

Au = uq — ug uy = ue+ Au/2

we reformulate (36) to become

1 00 U—Au/2 1 00
n'U) = v fdAu f du.pp(uc, Au) ~ oy fAu ppU, Au)dAu, (38)
0 U—Auj2 0
where
pp(uc, Au) = p(ue — Au/2, u. — Au/?2). (39)

The equation (38) is analogous to (7). The variable transformation shows that « . with the mean
value U and Au are uncorrelated and the assumption that « is Gaussian implies that

B 1 1 (u — U)2 Au?
L s T} 0

u

Inserting in (38) we get

1 (Aud®Y2 T
12
=2In| — — . 41
H (27( o, At (41)
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With (15) we get the equation analogous to (16):

(Au?) = ((u(t + A1) —u(1))?)

= 2/[1 — coS(wA1)] S(w) dw

So(w) sin(wAt/2)
1+ (bow/U)2 (wA1]2)?

= 2/[1— CoS(wAt)]

. 4 So(w) _ zd_w
= At2f1+(£ow/U)2 [1— cos@An]” —. (42)
0

Using again (17), (42) can be written

(Au?) = 201 (st )2/3J(U£A’) , 43)

where

2 T — COS
Jq) = _2f 1+§‘21S)] s~ 13 g

87 S|nh4(q/2) 1\ [ g 17 10 42
r(:= Bk = = L
V32 +6160 (3){q 12(’6’3’4)

17 10
— (261)8/31172(1, 5 3" qz)} (44)

With the last two equations and (18) and (19) we obtain the following relation between 2 and
w2, given by (41) and (14), respectively

2
2 2 {(Au?) J(UAt/Eo))
—pu=Inl—5—>)=In| —————). 45
S n<<u2m2>> n(I(UAt/eo) )
The difference (45) isafunction of the single parameter ¢ = U At /¢, and isshown in Fig. 3.
Inserting (24) into (45) we obtain

1 windsensor.com



WINDSENSOR

reducing uncertainty

0.0
—_ 01 f
L :
L —-0.2 3
c :
—~ -03 |
Il !
~ :
f —04 |
o
< -05 j
_06 i i i i
0 5 10 15 20 25
U At
Lo

Figure 3: The difference 12 — u? as afunction of ¢ = U At /4., where U is the mean-wind
speed, A(r) the time between recordings, and ¢, the cup-anemometer distance constant.

j<UAt>
M/2=C+§In<g—°)+2ln<%>+ln N/ . (46)

z o (UAt)Z
4

By means of the last equation and (24) it is possible to estimate the negative, relative bias on the
gust factor (1’ — w)/u in terms of the two parameters UT /¢, and U At /¢,. Thisis illustrated
in Fig. 4, where the relative bias loss is shown as a function of U At /¢, for three values of the
mean-wind speed U, and where T =10 min=600 sand ¢, =1,8 m (Risg model P2546).
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